The theory of very special relativity (VSR) proposed by Cohen and Glashow contains an intrinsic preferred direction. Starting from the irreducible unitary representation of the inhomogeneous VSR group ISIM (2), we present a rigorous construction of quantum field theory with a preferred direction. We find, although the particles and their quantum fields between the VSR and Lorentz sectors are physically different, they share many similarities. The massive spin-half and spin-one vector fields are local and satisfy the Dirac and Proca equations respectively. This result can be generalised to higher-spin field theories. By studying the Yukawa and standard gauge interactions, we obtain a qualitative understanding on the effects of the preferred direction. Its effect is manifest for polarised processes but are otherwise absent. *
I. INTRODUCTION
One of the important features of special relativity is that it provides an explanation to the null result of the Michelson-Morley experiment. Since its proposal by Einstein, special relativity and the underlying symmetry described by the Lorentz group has become one of the most important concepts in modern physics.
The theory of VSR proposed by Cohen and Glashow provides a new perspective to the standard paradigm [1] . The theory, whose underlying symmetry group is a proper subgroup of the Lorentz group, is able to explain the null result of the Michelson-Morley experiment and reproduces many of the predictions of special relativity such as time dilation and length contraction. Therefore, there is a possibility that in the low energy limit, the symmetry of nature is described by VSR.
This hypothesis opens up a new direction to explore possible signatures of Lorentz violation. An advantage of this framework is that while Lorentz symmetry is violated, there remains a well-defined symmetry in which the theory must satisfy. There has been many works exploring extensions and modifications to quantum field theories and the Standard Model of particle physics (SM) by introducing Lorentz-violating but VSR-invariant interactions [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . In some of these works, it has been proposed that VSR-invariant fields have different kinematic to their Lorentz-invariant counterparts. The main motivation for most of these works is due to the fact that the VSR symmetry contains an intrinsic preferred direction which is characterised by the existence of an invariant null vector. By studying interactions involving the null vector, one can obtain information on the effects of the preferred direction and signatures of Lorentz-violation.
In this paper, we take a different approach. An important point to note is that the kinematics of Lorentz-invariant theory does not require any modifications. One is free to introduce additional VSR-invariant interactions but we will not consider this possibility here.
Starting from the irreducible unitary representation of ISIM (2), we provide a rigorous construction of VSR-invariant quantum fields. The solutions to the free fields are completely determined, up to a global constant. For the fermionic and vector field, it is shown that they are local and satisfy the Dirac and Proca equation respectively. This result can be generalised to higher-spin where the locality and field equations between the VSR and Lorentz sector are identical.
We propose the possibility that particles and their quantum fields with VSR symmetry are physically distinct from the SM particles. Therefore, their existence would constitute new physics beyond the SM. This proposal seems quite obvious as particles with VSR symmetry must furnish the irreducible unitary representation of ISIM (2) and not ISO(3, 1).
Although quantum fields with VSR and Lorentz symmetry have many similarities, as we will show in sec. IV, there remain important qualitative differences. Restricting ourselves to the Yukawa and standard gauge interactions, we show that for unpolarised processes, the resulting observables are identical to their Lorentz-invariant counterparts. The processes in which the results between the two sectors differ and where the effect of the preferred direction is manifest, are the polarised processes.
The paper is organised as follows. Section II offers a brief review on the VSR groups and their transformations. In sec. III, we derive the particle states and their transformations from the irreducible unitary representations of ISIM (2). The subsequent section provides a rigorous construction of VSR-invariant quantum field theory. The massive fermionic and vector fields are constructed as examples.
II. THE VSR GROUP AND THEIR TRANSFORMATIONS
In this section, we provide a brief review of the VSR transformations. The VSR groups are generated from the algebras summarised in tab. I where
They are proper Lorentz subgroups and their transformations satisfy the postulates of special relativity, namely the existence of a maximal velocity invariant in all inertial frames [12] . There are two properties of VSR that are important. Firstly, the inclusion of any of the following discrete symmetries P, T, CP or CT will yield the full Lorentz group. This suggests that the VSR-invariant quantum fields may violate the mentioned discrete symmetries. But as long as the fields are local, CPT should be conserved. Secondly, all the VSR algebras have a preferred direction. In this paper, we chose the preferred direction to coincide with the 3-axis. After reviewing the SIM (2) transformations, we will derive the transformations of the particle states and quantum fields with VSR symmetry.
The VSR transformations are generated by sim(2) where the finite-dimensional generators are obtained using eq.
(1) in the vector representation. They consist of rotations and boosts.
The former is identical to the rotation in the Lorentz group along the 3-axis and the later is defined as a product of all three group elements
where T i , K 3 are the VSR generators in the vector representations and the parameters are given by
The boost is defined such that it takes k µ = (m, 0) to arbitrary momentum p µ = (p 0 , p)
III. PARTICLE STATES
An important feature of the Poincaré algebra is that the eigenvalues of the Casimir operators have the physical interpretation of mass and spin. Similarly, the particle states of VSR are also defined as simultaneous eigenstates of the Casimir invariants of isim(2) [13, tab.VII, row 7] Let Λ be an element of SIM (2) and U (Λ) be its linear and unitary representation. Since isim(2) is a sub-algebra of the the Poincaré algebra, P µ still transforms as
Therefore, the one-particle has the following transformation
Since U (Λ) is unitary, depending on the definition of the inner-product of the particle state, (2) up to a normalisation factor. In the following sections, we will determine C σ σ (Λ, p). The rotation and boost generators of SIM (2) along the 3-axis are identical to their Lorentz counterparts while T 1 and T 2 can be obtained from eq. (1). From these generators, the only non-trivial unitary representation of SIM (2) is the rotation about the 3-axis.
Therefore, the solutions to C σ σ (Λ, p) are given by
where N (p) is a normalisation factor to be determined. The unitary finite-dimensional representation of J 3 is chosen to be (J 3 ) σ σ = σδ σ σ with σ = −j, · · · , j where j takes either integer or half-integer. For a general one-particle state |p, σ , we define the following orthogonal inner-product
The normalisation factor is then fixed to
. Therefore, the effect of a boost on the massive particle state is
From eq. (12), we may then use the method of induced representation [16] to obtain the VSR transformation of the one-particle state
This equation takes the same form as the Lorentz transformation of a massive one-particle state, except the little group element W (Λ, p) is defined as
where Λ ∈ SIM (2) is an arbitrary VSR transformation. In VSR, the elements of the little group for massive particle are elements of SO (2) . In this paper, this corresponds to rotations about the 3-axis.
The group is infinitely connected SO(2) ∼ R/Z ∞ and its universal covering group is R, 
where σ is a real number that labels the representation. The irreducible representations are one-dimensional since SO (2) is an Abelian group. Therefore, the transformation of the massive one-particle state is
B. Massless particle state
The little group for massless VSR particles is the Euclidean group E(2) which is also the little group of massless particles in the Lorentz group. Here, a problem of concern is the kinematics of the massless particles. In the vector representation, the transformation
where the second line is obtained using the parameter ln ς = p/κ. This is obviously undesirable as the motion of massless particles are restricted to the spatial dimension coinciding with the preferred direction. From this simple observation, we conclude that VSR does not admit a physical description of massless particle.
In the literature, there has been works studying the VSR-invariant electrodynamics where the starting point is a Lorentz-violating but manifestly VSR-invariant Lagrangian. Working under the hypothesis that the space-time symmetry is VSR, we are certainly allowed to introduce VSR-invariant interactions as long as they are gauge-invariant. However, one
should not modify the underlying Lorentz-invariant kinematics since this implicitly implies that the photons furnish the irreducible unitary representation of ISIM (2). But since VSR does not admit a physical description of massless particles, such constructs do not seem to be plausible.
IV. MASSIVE QUANTUM FIELDS
Because of the problem with massless particles in VSR, we will only focus on the construction of massive quantum fields with VSR symmetry. Let ψ (σ) (x) be a quantum field describing a massive particle state |p, σ
The field defined in eq. (18) is manifestly covariant under space-time translations. The demand of VSR-covariance means that it must transform as
where D(Λ) is the finite-dimensional representation of SIM (2). Equation (19) and the transformations of the massive particle states given by eq. (16) are sufficient for us to determine the coefficients and how they transform. Following the same derivation given in [16, sec. 5.1] the coefficients of arbitrary momentum are given by
and the coefficients at rest are determined by the demand of rotation symmetry
Expanding the matrices about the identity with D(R) = 1+iJ 3 φ and D σσ (R) = δ σσ (1+iσφ), we find that the coefficients at rest are eigenvectors of J
The demand of locality requires the quantum fields to commute or anti-commute with its adjoint at space-like separation. The field ψ (σ) (x) given by eq. (18) does not satisfy this criteria. This problem can be resolved starting with the observation that the rotation generator J 3 has a spectrum of −j, · · · , j. Therefore, there exists 2j+1 fields ψ (−j) (x), · · · , ψ (j) (x) that transform according to the same finite-dimensional representation even though each fields formally correspond to a different particle specie. Therefore, given a finite-dimensional representation D(Λ) of dimension 2j + 1, we can construct a new VSR-invariant field ψ(x) as the sum of all fields from
One could consider a more general linear combination σ f σ ψ (σ) (x). But at the end, f σ must be fixed by the demand of locality and a positive-definite Hamiltonian. In the subsequent sections, we construct the spin-half and spin-one vector fields and show that they are both local (provided that f σ = 1) and satisfy the Dirac and Proca equation respectively.
By construction, the field ψ(x) is similar to a quantum field of spin-j representation of the Lorentz group with the same rotation generator along the 3-axis. They have the same number of degrees of freedom and their coefficients at rest take the same form. In the subsequent sections, this correspondence allow us to compare the VSR and Lorentz-invariant theories.
A. Spin-half representation
In the Lorentz group, given the rotation generators J, we can always find two solutions to the boost generators given by K ± = ±iJ such that the Lorentz algebra is satisfied. The spin-half generators of the Lorentz group are J = 1 2
are the Pauli matrices. Therefore, we can construct two sets of generators that satisfy the sim(2) algebra
which then allows us to construct the following four-dimensional representation [19] 
The field that transforms according to the above representation is given by eq. (18) with
. By the demand of VSR-covariance, the coefficients at rest must be eigenvectors of J 3 whose solutions can be taken to be
These solutions, up to a normalisation factor are in agreement with the Dirac spinors at rest for a Lorentz-invariant spin-half field. But for arbitrary momentum, the coefficients u(p, σ) and v(p, σ) are different from the Dirac spinors. This is best characterised by the following VSR-invariant equation in which they satisfy [2] 
where n µ = (1, 0, 0, 1) is the VSR-invariant null vector and P ± = (I ± γ 5 ) is the projection operator. In the representation we are working with, the γ µ is given by
Since these equations are not polynomials in momentum, they cannot provide a local kinematics to the theory. Additionally, because both u(p, σ) and v(p, σ) have the same mass term, it is impossible to write down a field equation in the configuration space. Fortunately, this turns out to be inconsequential. Explicit computation shows that u(p, σ) and v(p, σ)
satisfy the Dirac equation in the momentum space
They also have the spin-sums
which are identical to their Lorentz-covariant counterparts where u(p, σ) = u † (p, σ)γ 0 and likewise for v(p, σ). Therefore, from the field equations and spin-sums, we obtain a local VSR-invariant field of spin-half
which satisfies the Dirac equation. The Lagrangian for ψ(x) is simply
It is instructive to note that one could try to construct a theory for ψ (σ) (x) using the Dirac Lagrangian. However, this theory would not be physical. The main reason being that the field ψ (σ) (x) is non-local. Therefore, the resulting S-matrix is not VSR-invariant.
Although the VSR spin-half fields are physically different from the Dirac field, they have the same field equations and locality structure . Repeating the same construction for higher spin fields, we have shown that up to spin-two, the field equations and locality structure of trary spin representation. Consequently, the coefficients at rest of a massive spin-j quantum field with VSR symmetry can always be chosen such that the field is local and satisfies the same field equation as their Lorentz counterpart of the (j, 0) ⊕ (0, j) representation.
In hindsight, this result is expected. By examining the proof for the existence of t µ 1 µ 2 ···µ 2j [20] , we see that since SIM (2) transformations are also Lorentz transformations, it follows that there must exists a symmetric traceless rank 2j tensor in which
may be expressed as for arbitrary spin. However, we did not prove the VSR tensor must be identical to t µ 1 µ 2 ···µ 2j .
B. Vector representation
Now we consider the real massive vector field. Here the coefficients at rest are eigenvectors of the rotation generator along the 3-axis in the vector representation so there are four solutions and they can be chosen to be
The first solution at finite momentum is equal to −ip µ so that the associated field is simply the derivative of a real scalar field ∂ µ φ(x). The remaining solutions are identical to the polarisation vectors at rest for a Lorentz-invariant vector field. We associate them with
At finite-momentum, these vectors satisfy the familiar relation p µ e µ (p, σ) = 0 which translates to ∂ µ A µ σ (x) = 0 in the configuration space. The contraction n µ e µ (p, σ) only vanishes for σ = ±1. The vectors e µ (p, ±1) have well-defined massless limit but the field constructed from a sum of A µ ±1 (x) is non-local. A local vector is constructed by summing over all fields
One can verify that the field commutes with its adjoint at space-like separation using the following spin-sum
It should not come as a surprise that this is identical to its Lorentz-invariant counterpart.
Given these results, the Lagrangian for the VSR-invariant vector field is
where F µν = ∂ µ A ν − ∂ ν A µ is the field strength tensor.
C. Discrete symmetries
An important difference between VSR and Lorentz-invariant quantum fields is the discrete symmetries. The VSR algebras cannot accommodate discrete symmetry operators P, T, CP and CT. Including any one of them would yield the full Lorentz algebra. Therefore, it is expected that the VSR-invariant fields would violate these symmetries but preserve chargeconjugation.
Here we consider the discrete symmetries of the massive spin-half and vector fields constructed in the previous section. Although VSR algebra does not admit P and T generators, it does not prevent us from studying their discrete transformations.The actions of P and T on the creation and annihilation operators are given by
where η and are the parity and time-reversal phases for particles andη and¯ are the parity and time-reversal phases for anti-particles. Under charge-conjugation
Fermionic field
Vector field where ς andς are the charge-conjugation phases.
Table III provides the discrete symmetry transformations for ψ(x) and A µ (x). It shows that charge-conjugation is a symmetry. When the fields are restricted to the preferred direction, parity and time-reversal which are otherwise violated, are conserved. This is in agreement with the original observation of Cohen and Glashow that VSR violates P, T, CP.
If we consider the action of CPT, we find that it is a symmetry of the theory One of the simplest processes is the decay of a scalar boson into a pair of fermion antifermion pair described by the Yukawa interaction. In VSR, the differential decay rates for respectively. The coupling is taken to be unity and the particle masses in the two sectors are identical. The bosonic mass is taken to be m φ = 125 GeV.
this process are given by
Dirac fermions, the difference are represented by the last terms of the respective equations which is the effects of the preferred direction. From fig. 1 , we see that as m ψ /m φ → 1 2 the rates predicted by the two sectors coincide.
Since the kinematics of VSR fermions are identical to their Lorentz counterparts, the principles of local gauge invariance can be applied without any difficulties. The VSR fermions couple with gauge bosons through the conserved current J µ = q ψγ µ ψ. We find by explicit computation that the corresponding charge Q = q d 3 x J 0 remain the same but the spatial component of the current J i (x) are different. Therefore, we should expect differences in the polarised processes. As for the VSR vector bosons, they inherit the same problem as their Lorentz-invariant counterparts, namely unitarity violation at high-energy. But in the VSR framework, since there are no physical massless vector bosons, the problem cannot be resolved using the Higgs mechanism.
V. CONCLUSIONS
Quantum field theory with VSR symmetry is an interesting subject that has received considerable attention since its conception. But to the best of our knowledge, an analysis based on the formalism of Wigner and Weinberg, has thus far not been carried out. In some cases, the starting point is a VSR-invariant but Lorentz-violating Lagrangian which modifies the kinematics of a Lorentz-invariant theory. Such an approach is unsatisfactory and unnecessary. Since we have knowledge of the underlying symmetry group and their representations, the field operators as shown in this paper, up to a global phase, are completely determined. To this end, we have shown that the VSR and Lorentz-invariant fields have the same locality structures and field equations.
If we take the view that the VSR symmetry is a fundamental symmetry of nature, there is no reason stopping us from introducing additional VSR-invariant but Lorentz-violating interactions to the SM Lagrangians. This has been the main focus in the existing literature.
In this paper, we have taken a different approach. The SM Lagrangian should remain unaltered and the VSR particles should be interpreted a new species of particles. Therefore, an important task is to incorporate them into an extended SM. Thus far, we have only studied the simplest interactions involving the VSR fermions.
have the same kinematics and locality structure as their Lorentz-invariant counterparts, the most natural interactions are the Yukawa and the standard gauge interactions. For these interactions, the effects of Lorentz violation are absent for unpolarised processes since the spin-sums between the two sectors are identical. The only differences are the polarised processes.
The hypothesis that in the low energy limit, the symmetry of nature is described by VSR presents an intriguing paradigm due to the existence of a preferred direction. We have shown that one can obtain a qualitative understanding of its effect in a localised setting by studying polarised processes. The really interesting question is whether the preferred direction extends globally to the galactic or cosmic scale. If one proposes such an extension, then it seems to imply that the universe has a preferred direction due to some exotic nontrivial topology and there exist particles that are sensitive to the topology of the universe. To address this issue, one possibility is to extend general relativity by introducing appropriate VSR-invariant terms.
In summary, the VSR framework provides a simple setting in which we can explore such possibilities. In our opinion, such a theory brings forward a new perspective on the notion of space-time. The advent of special relativity has taught us that space-time and simultaneity are relative and not absolute. The theories built upon the framework of VSR allow us to go one step further -the space-time symmetry according to different particles, may also be relative.
